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 
Abstract—The effect of bias current on the complexity and 
time-delay signature of chaotic signals in semiconductor lasers 
with polarization preserved optical feedback has been studied 
experimentally and theoretically. The peak value of the 
autocorrelation coefficient and the normalized permutation 
entropy at the feedback round trip time are used to quantify the 
time delay signature and complexity, respectively. The results 
show that the time-delay signature is approximately in an inverse 
relationship with the complexity of chaos when the semiconductor 
laser is subject to low or strong optical feedback. However, the 
inverse relationship disappears when the laser operates at higher 
bias currents with intermediate feedback strength. The simulation 
results are qualitatively agreed with the experimental results.  
Index Terms— Chaos, optical feedback, complexity, time delay 
signature, permutation entropy, semiconductor lasers. 
I. INTRODUCTION 
HAOS generated in semiconductor lasers with optical
feedback has attracted considerable research interest due 
to its many potential applications, such as high-speed 
communications [1]–[7], chaotic logic gates [8], chaotic optical 
time-domain reflectors [9]–[11], chaotic lidars [12] and 
physical random number generators [13], [14]. The complexity, 
bandwidth and time delay (TD) signature of chaos are the three 
main parameters for assessing the suitability of its applications. 
The bandwidth and TD signature of chaos have been studied 
extensively [15]–[28]. Complexity of chaos has also been 
investigated [29]–[32]. Effect of optical injection strength, 
frequency detuning and feedback strength on the complexity, 
bandwidth and TD have been broadly reported. Temperature 
and bias current are the two primary parameters in the driving 
laser diodes. Examination of the effect of bias current on 
bandwidth, TD signature and complexity of chaos have been 
reported in some papers [22],[29], [31], [33], [34]. Oliver et al. 
[33] shows the details of the relationship between the TD 
signature and the bias current. Kanno et al. [31] have also 
numerically simulated complexity of chaos as a function of the 
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bias current. However, to the best of our knowledge, the 
influence of bias current on the relationship between 
complexity and TD signature has not been experimentally 
investigated in detail. In this paper, we experimentally study the 
effect of bias current on the complexity and TD signature with 
the different feedback strengths in semiconductor lasers subject 
to polarization preserved optical feedback. The relationship 
between the complexity and TD signature has also been 
investigated experimentally and theoretically. The difference 
between our experimental results and the simulation results 
[31] on the relationship between complexity and TD signature 
has been investigated using the Lang Kobayashi laser equations 
[35].  
The remainder of this paper is organized as follows. The 
experimental setups and the operation parameters are described 
in Section II, followed by the analysis methods of TD signature 
and complexity of chaos in Section III. The experimental 
results are in section IV. The theoretical model and results are 
presented in section V. Finally, in section VI, conclusions are 
drawn based on the results obtained.  
II. EXPERIMENTAL SETUP
Two experimental setups are used in this investigation. The 
first experiment was carried out in a free-space setup, as shown 
in Fig. 1(a). A single mode Fabry-Perot laser (APL 860-40) 
with lasing wavelength around 860nm was used in the 
experiment. The laser was driven by an ultra-low noise current 
source and its temperature was controlled to an accuracy of 
0.01 Celsius. At the operating temperature, the threshold 
current is 37.3 mA. The laser was subject to the optical 
feedback from mirror M1. The feedback power was 
controllable with a natural density filter (ND1). The feedback 
round trip time was about 5.6ns. An optical isolator (ISO) was 
used to prevent any unwanted feedback from the detection path. 
The output of the laser was detected by 12 GHz photodetectors 
and recorded by a 4 GHz digital oscilloscope and a 30GHz 
bandwidth RF spectrum analyzer. The sampling rate of the 
oscilloscope was set at 10 GS/s and 1000000 samples were 
recorded for each time trace, therefore the duration of each time 
trace was 100 μs.  
The second experiment was performed in an all-fiber setup, 
as shown in Fig. 1(b). A single mode Fabry-Perot laser from 
Eblana Photonics with lasing wavelength around 1.55m was 
used in the experiment. At the operating temperature, the 
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threshold current is 14.7mA. The laser was subject to optical 
feedback from the fiber loop. The polarization controller in the 
fiber loop was used to ensure polarization preserved optical 
feedback. The feedback round-trip time is about 42.6ns. The 
detection method for the output of the laser was the same as that 
in the free space experiment. 
In this paper, the feedback ratio is defined as the ratio of the 
optical feedback power to the laser’s free-running output 
power. The optical feedback power is measured just before it is 
fed back into the laser. 
Fig. 1.  (a) Free space experimental setup, (b) all-fiber experimental setup. L - 
Lens; BS-beamsplitter; M- mirror; ND –neutral density filter; ISO – optical 
isolator;  D-detector; OSC-oscilloscope; RF - RF spectrum analyzer; 
Cir-optical circulator; 3dB - 3dB optical coupler; PC-polarization controller. 
Grey (Red in color) lines represents that the laser beam travels in free space. 
Black lines represents that the laser beam travels in optical fiber. 
III. ANALYSIS METHODS
A. Time delay signature 
The common methods to quantify the TD signature used are 
the autocorrelation (AC) function, delayed mutual information 
and permutation entropy [18], [20], [25], [27], [36]. The peak 
value of the AC coefficient at the feedback round trip time is 
used to quantify the TD signature in this paper. The 





where t denotes the delay time, I(t) denotes the output 
intensity of the laser and <> denotes time average. The peak 
value at the feedback round trip time (Cp) can be expressed as: 
𝐶𝑝 = 𝑚𝑎𝑥|𝐶(∆𝑡)|∆𝑡∈𝜐1(𝜏𝑑)    (2) 
where d is the feedback round trip time. The measured TD 
peak value may not be located exactly at τd. If a measured peak 
value is in the range of interval v1(τd) = (τd –τd × r1, τd + τd ×r1); 
it will be considered as the peak value at the TD. According to 
the experimental data, 2% is selected as the value of r1.  
B. Complexity 
Several techniques have been used to quantify the 
complexity of chaos, such as Lyapunov exponents [37], [38], 
strangeness of strange attractors [39] and permutation entropy 
(PE) [29-30], [32],[40-41]. PE has a few advantages over other 
techniques, which includes easy implementation, faster 
computation and being robust to noise. This makes PE 
particularly attractive for using on experimental data, so PE is 
adopted to quantify the complexity of chaos in this paper.  
The PE method was first introduced by Bandt et al. [40]. In 
this method, the measured output intensity of the laser has N 
samples It, where t = 1, …, N. For a given time series {It, 
t=1,2,…,N}, let subsets Sq contain M samples (M>1) of the 
measured intensity and an embedding delay time  = nTs (n is 
an integer number and Ts is the reciprocal of the sampling rate), 
the ordinal pattern of the subset is Sq = [I(t), I(t+), 
…I(t+(M-1))]. Sq can be rearranged as 
[I(t+(r1-1))≤I(t+(r2-1))≤…≤I(t+(rM-1))]. Hence, any subset 
can be uniquely mapped into an “ordinal pattern”  = (r1, 
r2,…,rM), which is one of the permutations of subset Sq with M 
dimensions. For all the M! possible permutations, the 
probability distribution p() is defined  as [40] 
p(p ) =
# t t £ N - (M -1)n ;  Sqhas  type p{ }
N - (M -1)n
(3) 
where # stands for “number”. From the probability p() the 
permutation entropy is defined as: 
   (4) 
H(P) is used to denote the normalized PE, which can be 




   (5) 
The value of the normalised PE (H(P)) is between 0 and 1[21], 
[29]. A value of one represents a completely stochastic process, 
while a value of zero indicates that the time series is completely 
predictable.  
Bandt [40] has suggested that M is chosen to be between 3 
and 7 for all practical cases. M=4 and M=5 have been tested 
and the trend of the results agree with each other. Due to time 
constraints, M=4 was chosen for this paper. 
IV. EXPERIMENTAL RESULTS
Fig. 2 shows the time traces, power spectra, autocorrelation 
functions and permutation entropy of the output of the laser 
subject to -10.2 dB optical feedback at the bias current of 
50mA, 60mA and 70mA in the free-space experimental setup. 
The time series in Fig. 2(a1), (a2) and (a3) show the 
fluctuations of the output amplitudes, which indicates that the 
laser is in chaos dynamics. The second column in Fig. 2 shows 
the power spectra of the laser output. The results demonstrate 
that the bandwidth of chaos increases with increasing bias 
current. This is easy to understand, since the bandwidth of 
)(log)()(  ppPh 
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chaos is dependent on the laser’s relaxation oscillation (RO) 
frequency and the RO frequency is proportional to the square 
root of the difference between the bias current and the threshold 
current. The third column of Fig. 2 displays the AC coefficient 
as a function of the delay time. In the results, the AC 
coefficients has a peak at around 5.6ns, which equals the 
feedback round trip time. The TD signature of chaos can be 
quantified by measuring the AC peak value at the feedback 
round trip time[19], [20], [22], [27]. Fig. 2(c1) shows that the 
AC peak value is 0.74 for the bias current of 50 mA. When the 
bias current increases to 60 mA, the AC peak value decreases to 
0.72. If the bias current is further increased to 70mA, the AC 
peak value decreases to 0.65. The fourth column of Fig. 2 
represents the normalized PE (H(p)) drawn against the 
embedding delay time. There are troughs at the feedback round 
trip time and its subharmonics for all three bias currents. The 
trough value at the feedback round time is adopted to be used to 
measure the complexity of chaos [32]. Fig. 2(d1) shows a deep 
trough at 5.6ns, where the value is 0.7. When the bias current 
increases to 60 mA, the depth of trough at delay time increases 
to 0.8. Further increasing the bias current to 70mA, the depth of 
trough increases again to 0.86.  
Fig. 2.  The time traces (first column), RF power spectra (second column), 
autocorrelation coefficient curves (third column) and permutation entropy 
curves (fourth column)) of the chaotic signal. The top, middle and bottom rows 
represent bias currents of 50mA, 60mA and 70mA, respectively. 
The results in Fig. 2 show that the values of bandwidth, TD 
signature and complexity of chaos with the same feedback ratio 
are sensitive to the bias current. The TD signature and 
complexity as a function of the normalized bias current with the 
same feedback strength used in Fig. 2 are calculated and shown 
in Fig. 3(a). The bias current has been normalized with the 
threshold current.  In Fig. 3(a), a minimum TD signature has 
been observed at the highest bias current being measured. The 
complexity almost linearly increases with increasing bias 
current. The TD signature and complexity show an inverse 
relationship for most normalized bias currents except the kink 
at the normalized bias current between 1.55 and 1.69. The 
inverse relationship between the TD signature and complexity 
is in good agreement with the simulation result [31].  
We have also performed the experiment in an all-fiber setup, 
as shown in Fig. 1(b). When the feedback ratio was adjusted to 
about -14.3dB, the laser was in chaos dynamics. The TD and 
complexity of chaos with various bias currents were calculated 
and plotted in Fig. 3(b). The results show that the TD signature 
decreases with increasing bias current at the very beginning. 
When the normalized bias current reaches 1.4, a minimum TD 
signature is obtained. If the bias current is further increased, the 
TD signature will increase again. For normalized bias currents 
between 1.8 and 1.9, the TD signatures do not change much 
with the local maximum TD signature obtained. When the 
normalized bias current is tuned to more than 1.9, the TD 
signature starts to drop again. The complexity of chaos, on the 
other hand, initially increases with bias current until the 
normalized bias current reaches 1.6. After that the complexity 
of chaos starts to saturate at 0.93. It is clear that the complexity 
has an inverse relationship with the TD signature for lower bias 
currents, however, the inverse relationship disappears after the 
normalized bias current increases beyond 1.4. 
Fig. 3 The TD signature and complexity of chaos as a function of the 
normalized bias currents in (a) the free space experimental setup, (b) the 
all-fiber experimental setup. 
V. THEORETICAL MODEL AND RESULTS 
In order to understand the difference between Fig.3(a) and 
(b), nonlinear dynamics of semiconductor lasers with optical 
feedback have been numerically simulated using the Lang 
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− 𝐺|𝐸(𝑡)|2  (7) 
In the rate equations, E(t) is the complex electric field, N(t) is 
the carrier number,  is the linewidth enhanced factor,  is the 
feedback strength, p is the photon lifetime, N is the carrier 
lifetime, ext is the external cavity round-trip time,  is the 
angular frequency of the laser, e is the electron charge, I is the 
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laser bias current and V is the volume of the active region. The 
optical gain G is given by 




where g0 is the differential gain, 𝜖 is the gain saturation factor, 
N0 is carrier density at transparency.  
MATLAB solver dde23 was used to numerically solve Eqs. 
(6) and (7). Typical semiconductor laser’s parameters: =3.0, 
N=2ns, p=2ps, g0=510-12 m3s-1, N0 = 1.5 1024 m-3 and 
V=2.910-16 m3 were chosen in the simulation.  The laser’s 
lasing wavelength was set at 860nm, threshold current Ith =37.3 
mA and ext = 5.6ns, which corresponds to our free-space 
experimental setup. A temporal resolution of t=10 ps is 
selected and the duration of the time series is 1s. When the 
feedback strength  is set to 60 ns-1, the laser operated at chaotic 
dynamics for the normalized bias current range from 1.05 to 
2.0. The TD signature and complexity of chaos have been 
calculated and shown in Fig. 4(a). The TD signature shows an 
almost linear decrease with increasing bias current until the 
normalized bias current reaches 1.9.  Further increasing the bias 
current, the TD signature is almost unchanged. Fig. 4(a) also 
shows that the complexity increases monotonically with 
increasing bias current until the normalized bias current reaches 
1.75. Further increasing the bias current, the complexity is 
almost unchanged. The results in Fig. 4(a) show that the 
complexity is approximately in inverse relationship with the 
TD signature, which is qualitatively agreed with the 
experimental results in Fig. 3(a). However, there is no kink for 
the TD signature in the simulation results. Also, the complexity 
does not linearly increase with increasing bias current. More 
investigation should be done to explore the fundamental 
difference between experimental and theoretical results. 
When the feedback strength  is reduced to 30 ns-1, and the 
other parameters kept the same as those in Fig. 4(a), the laser 
still operated at chaotic dynamics for the normalized bias 
current range from 1.05 to 2.0. Its TD signature and complexity 
as a function of the bias current are displayed in Fig. 4(b). The 
trend of the curves are different from those in Fig. 4(a). The TD 
signature decreases initially. When the normalized bias current 
reaches about 1.5, the TD signature starts to saturate. When the 
normalized bias current increases to more than 1.75, The TD 
signature begins to increase. On the other hand, complexity 
increases with increasing bias current for the normalized bias 
current below 1.25. After that, the complexity shows saturation, 
and the bias current has little effect on the complexity. These 
results agree well with those in Fig. 3(b) except that an extra 
dropping of TD signature at high bias current has been 
observed in the experiment.  
When the feedback strength  is further reduced to 9.32 ns-1, 
the dependence of the TD signature and complexity on the bias 
current is illustrated in Fig. 4(c). The curves are quite different 
compared with those in Fig. 4(a) and (b). The TD signature 
decreases when the normalized bias current increases from 1.05 
to 1.1. After that, the TD signature starts to increase quickly 
with increasing bias current until the normalized bias current 
reaches 1.45. After that, the bias current has much less effect on 
the TD signature. The variation of complexity is almost inverse 
to that of TD signature, but the change rates for the TD and 
complexity vary at different bias current regions. There is a 
sharp increase of complexity when the normalized bias current 
increases from 1.9 to 1.95. The reason for this sharp increase is 
due to very small fluctuation amplitude at the normalized bias 
current of 1.95, the laser is almost operated at steady-state. 
During the experiments, we have used different wavelength 
lasers and different feedback round trip times to illustrate the 
effects. Here we have also introduced different wavelengths 
and feedback round trip times in the simulation. The results 
show that wavelength has little effect on the variation of the TD 
and complexity with the bias current. The feedback round trip 
time also has very little influence on the trend of the TD and 
complexity. 
Fig. 4 Numerical results of the TD signature and complexity as a function of the 
normalized bias currents with a feedback strength of (a) 60 ns-1, (b) 30 ns-1, (c) 
9.32 ns-1. 
The maps of the TD signature and complexity with varying 
bias current and the feedback strength are presented in Fig.5. It 
can be seen in Fig. 5(a) that lower TD signature has been 
achieved at lower bias current with lower feedback strength. 
With increasing feedback strength, the lowest TD signature 
shifts to higher bias current. Meanwhile, the lowest TD 
signature decreases with decreasing feedback strength. This 
map is somehow different from that in Ref. [33], where lower 
TD signature can be achieved over a much wider range of bias 
currents for higher feedback ratio. This difference may be due 
to polarization-rotated feedback in [33], while it is polarization 
preserved feedback in our study. 
The trend of complexity in Fig. 5(b) has some similarity with 
that of the TD signature in Fig. 5(a). The highest complexity is 
obtained at a lower bias current and a lower feedback strength. 
For the feedback strength between 15 ns-1 and 25 ns-1, there is 
an optimum bias current, where the chaos is most complex. 
5 
This result is similar to the simulation result in [31]. This 
optimum bias current moves to higher bias current with an 
increasing feedback strength. However, for the feedback 
strength between 30 ns-1 and 55 ns-1, there is a wider bias 
current region where the bias current has very little effect on the 
complexity compared to that on the TD signature. 
(a) 
   (b) 
Fig. 5 Maps of (a) TD signature, (b) complexity of chaos with varying bias 
current and feedback strength. 
VI. CONCLUSION
The influence of bias current and the feedback strength on the 
complexity and time-delay signature of chaotic signals in 
semiconductor lasers with optical feedback has been 
investigated experimentally and theoretically. The time-delay 
signature has an approximately inverse relationship to the 
complexity of chaos in the free space experimental setup. 
However, this inverse relationship disappears at higher bias 
current in the all-fiber experimental setup. This disappearance 
is due to the decrease of feedback strength, as confirmed by the 
simulation results using the Lang Kobayashi laser equations. 
The numerical simulation results show that the TD signature 
has an inverse relationship with complexity for strong or low 
feedback strength. For intermediate feedback strength, an 
inverse relationship between TD signature and complexity only 
exists at lower bias currents, and the bias current has little effect 
on the complexity of chaos at higher bias currents.   
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